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1. Introduction 

The Toda lattice equation is a nonlinear evolutionary differential- difference equation intro- 
duced by Toda [T] describing an infinite system of masses on a line that interact through an 
exponential force. This equation is completely integrable, i.e. admits infinite conserved quanti- 
ties and has important applications in many different fields such as classical and quantum field 
theory, in particular in the theory of Gromov-Witten invariants [2j. Considering its applica- 
tion to 2D topological field theory |3l H] , one extended the interpolated Toda lattice hierarchy 
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into the so-called extended Toda hierarchy [HI E]. In the paper [7], it generalized the Toda 
lattice hierarchy(TH) and extended the Toda lattice hierarchy by considering N + M depen- 
dent variables and used them to provide a Lax pair definition of the extended bigraded Toda 
hierarchy(EBTH). This hierarchy later lead to a series of results [8] [9l [TOl [11]. In fact that 
model has been proposed in pL2j because the dispersionless EBTH can be obtained from the 
dispersionless KP hierarchy and the dispersionless Toda (dToda) hierarchy describes the genus 
zero-limit of the Landau- Ginzburg formulation of two-dimensional string theory [131 O US] • 

Additional symmetries have been analyzed in the explicit form of the additional fiows of 
KP hierarchy given by Orlov and Shulman [IB]. This kind of additional fiows include dynamic 
variables explicitly. That additional symmetries form a centerless VTi+oo algebra which is closely 
related to matrix model [21 [T7] because of the Virasoro constraint and string equation. About 
Toda hierarchy, there was parallel results [15] which was used to give string equations and 
Riemann-Hilbert problem of dispersionless Toda hierarchy [18] . Because of the close reduction 
relation between Toda hierarchy and the bigraded Toda hierarchy (BTH), it motivated us to 
consider the additional symmetry of the BTH. In another paper [10], we give a novel Block 
type additional symmetry of the BTH. This is the first time to find the direct relation between 
integrable hierarchy and the Block type algebra. The representation theory of the Block type 
infinite algebra has been studied intensively in references [1 9 j - [26j . 

Dispersionless integrable systems have been found very important in the study of all kinds 
of nonlinear phenomenon in various fields of physics and mathematics, particularly in the 
application in topological field theory [15] and matrix model theory [271 128] . In particular, 
the dispersionless integrable systems have many typical properties as usual integrable systems 
such as Lax pair, infinite conservation law, symmetry and the Hirota bilinear equations(HBEs). 
There is a dispersionless limit to get the dBTH from the BTH. However, after taking this limit of 
the BTH, whether the Block type Lie algebraic structure can be preserved is still an interesting 
question. So the high relevance of the TH and BTH in mathematical physics motivates us to 
focus on the HBEs and the additional symmetry of the dBTH in this paper. 

The paper is organized as follows. In Section 2 the definition of dBTH and corresponding 
dispersionless version of Sato theory are introduced. In Section 3, we define Orlov-Schulman's 
■M.L, -Mr function. The Block type additional symmetry of dBTH will be given in Section 
4. In Section 5, we give the quasi-classical limit of BTH to get dBTH. In Section 6, we give 
the dispersionless Hirota bilinear identity of dBTH which provide a very sound mathematical 
background in its possible apphcations. Section 7 is devoted to conclusions and discussions. 



2. The dBTH 

Introduce firstly the lax operator of dispersionless bigraded Toda hierarchy (dBTH) as fol- 
lowing 

(2.1) C = + UN-ik^~^ + ■ ■ ■ + u_Mk-^ 
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{ N, M > 1 are two fixed positive integers). The variables Uj are functions of tlie real variable 
X. The Lax operator C can be written in two different dressed ways 

which in fact gives the constraint (string equation) |29] of the two dimensional dispersionless 
Toda hierarchy. The two dressing functions has the following form 

(2.2) ifL = wik-^ + W2k-^ + . . . , 

(2.3) ifji = Wik + W2k'^ + . . . , 

We can get the following relation 

(2.4) UN-i = -N^, u^m{x) = 0(x + M). 

The pair is unique up to adding some laurent serials about variable k with coefficients which 
do not depend on x. 

The dispersionless bigraded Toda hierarchy can be defined as following. 

Definition 2.1. The dispersionless bigraded Toda hierarchy (dBTH) consists of the system of 
flows given in the Lax pair formalism by 

for '~f = N,N — 1,N — 2,..., —M + 1 and n > 0. The operators A^^^ ore defined by 

(2.6a) ^-,,„ = (£"+i-^)+ for 7 = iV, iV - 1, . . . , 1 
(2.6b) ^^,„ = -(£"+i+m)„ for 7 = 0,...,-M + l. 

Particularly for = 1 = M this hierarchy coincides with the dispersionless Toda hierarchy. 
To see the dBTH clearly, we will introduce an example as following, i.e. (2,2)-dBTH. 

2.1. Example of the (2,2)-dBTH. The Lax operator is 

(2.7) C = k'^ + uik + uo + U-ik'^ +u-2k~'^. 

1 1 

Then there will be two different fraction power of £, denoted as £^ and respectively as 
following form 

(2.8) Cl = k + ao + a^ik-^ + a_2/c~^ + . . . , 

(2.9) = a_^k-^ + flo + al^k + al^k"^ + .... 

We can get some relations of {oj; i < 0}, {o^'fj > —1} with {uj; —M < i < N — 1} as following 

(2.10) Ui = 2ao, a^i = m_2. 



CHUANZHONG LIt§, JINGSONG HEf* 



Then by Lax equation, we get the ^2,0 flow of (2,2)-BTH 



(2.11) 

which correspond to 
(2.12) 



^2,o>C ^{k+ -ui{x),£} 



dx 

du—2 I 1 du—\ 
~dx 2 dx 
du-2 
dx 



Similarly by Lax equation, we get the ti^ flow of (2,2)-BTH which is equivalent to io,o flow as 
following 

(2.13) di^oL^ik"^ + ui{x)k + uo,£} 

which correspond to 



(2.14) 



difiUo{x) 

dinU-i{x) 



dx 
2 du-2{x) 
dx 
I \ du^2 



duojx) 
"■1 dx 



+ 2u_2{x)^ + u_i{x)^ 



(di,oU_2{x) ^2^U^2{X). 

By Lax equation, we get the i_i_o flow of (2,2)-BTH 

(2.15) d-i,oC^{-ui^{x)k-\C} 
which correspond to 

/■ 1 



(2.16) 



d^ifiUi{x) = 2- 



dx 



dx 



d^ifiUo{x) = 
d-i^oU-i{x) = ul2ix 

d-ifiU-2{x) 



duo 
dx 



du—i 2 / \ 



du^^i^) 
dx ^—1 







-u^ix) 



U-2{x). 



~ dx "'-2\-^J ^ dx 

For the convenience to lead to the Sato equation, we will deflne the following functions: 



(2.17) B^,n:-- 



7-1 



7 = A^. . . 1 

C'+'+M 7 = M + 1. 

Proposition 2.2. The following identities hold true 

(2.18) (£^),^,^ = {-(B,,,)_,£^} 

(2.19) (£i^),,,, = {(B,,,)+,£^}. 
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The proposition above can lead to the following proposition. 

Proposition 2.3. If C satisfies the Lax equations then we have the following Zakharov-Shabat 
equations 

(2.20) (^a,n^)t^,„ - M/3,„)t„,„ + ^/3,n} = 

for -M + 1 < a,/3 < N , m,n>0. 

Using the Zakharov-Shabat eqs. fl2.20p the flows of eqs.f l2.5p can be proved to commute pair- 
wise. 

Lemma 2.4. The following Zakharov-Shabat identities hold 

(2.21) 9;3,„(i3«,„)_ - da,m{l3p,n)- - {{I3a,m)-, (S/3,n)-} = 

(2.22) - 9;3,n(i3„,„)+ + 9„,„(S^,„)+ - + , (^/3,n) + } = 

here, -M + 1 < a, (3 < N , m,n > 0. 

Then following proposition will appear. 
Proposition 2.5. There exists = 4>{t,x) which is characterized by 

(2.23) dcf) = ''^^Res{B^^nd\ogk)dt^^n + j^^ogu^Mdx, 

7=-M+l n=l 

where "d" means total differentiation in {t,x), and dlogk = dk/k. Furthermore satisfies 
the well-known dispersionless (long-wave) limit of the two-dimensional Toda field equation 

(2.24) dt_,^^,^,dt^,J + exp(9,.0) = 0. 

Proof. The equation (12.230 is a compact form of the following system 

(2.25) 5i^,„0 = (i3„,„)o, 

(2.26) d^cj) = -^logU-M- 

Taking the projection of (I2.22p to k^ term will lead to following identity 

— <9/3,n(SQ!,m)o + t^a,m(^/3,n)o ~ {(So,m) + , (^/3,n) + }o = 

Because {{Ba,m)+, (-B^,n) + }o = 0, we get 

i.e. the ta,m flow and t/3^„ flow of (I2.25P are compatible. Now we can see that the solution of 
(I2.23P exists. From (12. 5p . we consider the k''^^ part. 

du_M d{Ba,m)+dC d{Ba,m)+dC 

^^■^^^ ^ = ^^^^^d^-^^dk^^^'-'' 

(2.28) = M^^^^u^M, 
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which is 

(2.29) = M^%^, 

i.e. eq. f l2.25p and eq. fl2.26p are compatible. Considering a special case of (I2.20p 

(2.30) {An } = o 
whose part is 

(2.31) l9t_„^^ o(y47v,o)o — <9tjv,o(^-A/+i,o)o + {^Af,0, ^-Af+i,o}o = 0. 
So we can get 

(2.32) dt_,,^,^,{BN,o)o + {(/:^)+, -(^^)-}o = 0, 
which implies 

(2.33) dt_,,^,,AN.J + d^iu^M)^ = 0, 
i.e. 

(2.34) 9t„„_^^ 00 + exp(9^0) = 0. 

This is the end of proof. □ 

Eq. fl2.34p is just the dispersionless limit of the generalized two-dimensional Toda field equa- 
tion. 

Proposition 2.6. C is the Lax function of the dispersionless BTH if and only if there exists 
two Laurent series yj/j (dressing fucntion) which satisfies the equations 

(2-35) V^_„,^^(/?L = -(i3^,„)_, Vt^,„,^^(/?H = (i3^,„)+, 

where —M + !<'-) <N,n>Q. ipi and ip^ have the following form 

(2.36) ipL = wik-^ +W2k~'^ + 

(2.37) tpR = wik + W2k'^ + . . . , 
where 

Such Laurent series ipL fR are unique up to transformation ipi ^ H{ipL, ipi), ^ H{ipR, ipR), 
with a constant Laurent series ipL = Yl'^=ii'Lnk~^ (ipLn- constant), ipR = Yl^=i''P Rn^^ O^Rn-' 
constant) respectively, where H{X,Y) is the H aus dor ff series defined by 

exp{adH{if,ip)) = exp{ad(f) exp{adip) . 
Proof. The proof is standard and similar as proof in [TS]. So we omit it here. □ 



With the above preparation, in the next section we will consider the Block type additional 
symmetry of the dBTH. 
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3. Orlov-Schulman's Ml, Mr functions 

To introduce the additional symmetry of the dBTH, We firstly define the following Orlov- 
Schulman's Ml functions as 

(3.38) Ml = e^'^^^^iTL) = e'"^^e'"^^^^^\^k-^), 
where 

(3.39) r, = ^k-- + 5: 5:(n + 1 - ^)A:-("- 

n>0 a=l 

N 

(3.40) tL(A;) = 

n>0 Oi=l 

M L can be written in another form as following 

oo AT N ^ 

(3.41) Ml = + E E ^7,^(^' + E E(^ + 1 - 

m=0 7=1 n>0 a=l 

where := e"'^'^^(/c~^). Similarly we define the following Orlov-Schulman's A^i^ functions 
as following 

(3.42) Mr = e"'^^«(rjj) = e"'^'^e'''^^«(rjj) = e''^'^e'"^^''e'"^'^'^''''\-^k^), 
where 

(3.43) r«=-^i«-x: x: 

n>0 /9=-M+l 

(3.44) ^«(^-^)=E E k-''^''^'+^%,n. 

n>0 /3=-M+l 

A^ij can be written as following form 

(3.45) M« = + 5] 5] v,,Ut,x)C-^-^'^^^ -Yl E (n + l + ^)/:"+-t,,n, 

m=0 7=-m+l n>0 /9=-M+l 

where := e*(A;^). 

A direct calculation shows that the Orlov-Schulman's functions satisfies the following theo- 
rem. 

Theorem 3.1. The following identities hold 

(3.46) {A Ml} = 1, {A Mil} = 1, 

(3.47) dt^^^ML = {A,,n, Ml}, 9t^,„Mii = { A,n, Mil}, 
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(3.48) = {A,,n, MIC'}, ^^y^ = { A,n, MIC'}, 
where 1 - M < 7 < A^. 

Proof. Before the proof, we firstly set 1 < a < A^, —M + 1 < /3 < 0. Then the following 
calculation will lead to one part of the first equation of eq. fl3.47p 

= e'^''^-dtU^L) + {Vt^^„,^,^L,ML} 

= e^'^'HY. + 1 - ^)^''^"''^^) + {-iBa,n)-,ML} 

= (n + l-^)£"-"^ + {-(i3„,„)-,-ML} 
= {C'^+'-'^,Ml} + {-{13a,n)-,ML} 

= {Ba,n,ML} + {-iB^,n)^,ML} 
= {iB^,n) + ,ML} 

Similarly t^^n flow of A^l is as following 

= e'^'^-dt,jTL) + {Vt,^„,^,^L,ML} 

= {-{B^,n)-,ML}, 

which imply the other part of the first equation of eq. fl3.47p . 
In the same way, by calculation we can prove results 

(3.49) dt^.„MR = {{B^,n)+,MR} 
and 

(3.50) dt^,„MB^ = {-iB(s,n)-,MB}. 

Till now we have finished the proof of eq.f l3.47p . By eq.f l3.47p and eq.f l2.5p . we can prove 
eq.f lCT]) easily. □ 



We can formulate the following 2-form 

dk ^ 

(3.51) u = — A dx + dAg-n A dtg^r, 



k 

a=-M+l n>0 



which satisfies 
(3.52) duj = Q, 

and the following proposition. 
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Proposition 3.2. The identity 
(3.53) wAw = 

is equivalent to the Zakharov-Shabat equations. 

Proof. Eg. (13. 51 p can have the following detailed representation 



dk ^ dA ^ OA. dA 

U = — Adx+ ^ ^ dtin^rn A dto,,n + ^ X^^^^f^*^^ + ^"'" '^3^) A dta,n- 

a,f3=-M+l m,n>0 ^'"^ a=-M+l n>0 



We can construct wedge product a; A a; as following 

= {^Adx+ ^ ^ ^^dti3^rn^dta,n+ ^ ^^(-^^'^^ + -^^^^) A 



Q,/3=-M+l m,n>0 a=-Af+l n>0 

A{^Adx+ ^ ^ ^^dtf^^rn A dta,n + ^ ^(^^^rffc + ^^^(ix) A . 

= T 2^ fH AdxA dt^^rn A dta,n 

a,f}=—M+lm,n>0 ^' ' 

I o \ ^ \ ^ ,(^Aa.n(^Afira dAfjrnAa^n-,,, . J a Jj. a Jj. 

+2 E ^^MA:AdxAcit,,.Acit., 

Q,/3=-A/+l m,n>0 

^ dtfim~ dtan dk ~^dtsm~ dt-,1 ' dk 
+ (^ - ^)^#^]^^ A A rfW A dt,, 

Ota,n Ot-y^l ok 

_l_2 ,,dAa,n dA/^^m^dA^^l ,dA^J dAj3,m-,dAa,n 

^ ^ dtfim dtan dx dtRm dt^ I dx 

So a;Aa; = is equivalent to + =0, i.e. ^-2^ + 

Otfj^rn Otc,,n ^ OK OX OK OX ' ' Otfj^^ Ota,n 

{Aa,n, Ap^m} = which is just eq.i^M^. □ 

Similarly we get the following corollary. 
Proposition 3.3. The dBTH is equivalent to the following exterior differential equations 
(3.54) dC A dMi = dC A dMn = u 
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Proof. By expanding the left side of identity 

(3.55) dCAdML = uJ, 

the following result can be got. 



.dC „ dC , ^ ^ dC 



dCAdMi = ("^'^^+^^^+ 5Z — ^^'^'"^ ^ 



a=-M+l n>0 

a=-M+l n>0 



^ dA ^ dA 

Adx+ -gf^dtp,mAdt^^r.+ SZ^^f^^^ 

o,/3=-Af+l m,n>0 a=-Af+l n>0 



H — ?7^c?a;) A dta,n)- 

OX 

By comparing the coefficients of dk A c/x, we get the canonical relation {£, A^^} = 1. By 
comparing the coefficients of dk A dta,n, dx A dta^n, dtjj^rn A dt^^n^ we get the canonical relation 

(3.56) 
(3.57) 
(3.58) 



dCdMi 


dML 


dC 


BA 




dk 


dt 


dk 


OCOMl 


OMl 


dC 


BA 


doc dij 


dx 


dt 


dx 


dC OMl 


OMl 


dC 


dAa^n dAfj^m 


dtfj fn dta n 




dt 





eq.f l336|) and eg. (13371) imply eq.([23D, eq.(l33Zl)- Eq.([23D, eq.^M) can lead to eq. (l338|) as 
following. 

dC OMl _ dMi dC 

= {A/s^m, jC}{Aa,n, Ml} " {A,3,m, A^l}{ A,n, jC} 

_ g(g/3,nt)+g£ dA/s^mdC dAg^ndML dAg^ndML . 

dk dx dx dk dk dx dx dk 
dAf3,mdML _ dA,3,m dMi . , dAg:n dC _ dAg^gdC 
dk dx dx dk dk dx dx dk 
_ j^2^ (^-^f},m dMi dAg^n dC _ dAp^m dC dAg^n dMi 
dk dx dx dk dk dx dx dk 
^ dAp^m dMi dAg^n dC dA(s,m dC dAg^n dMi^ 



k{ 



dx dk dk dx dx dk dk dx 

dAjS^ui dAg^n dA/^^m dAg^n \ 



dk dx dx dk 

{AjS^my Ag^n\ 
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In the same way, we can get all the equations for Ai r from the second identity in eq. (l3.54p . □ 

Using equation fl3.4ip and (13.451) . taking derivatives of them will lead to following lemma. 
Lemma 3.4. Following formula will hold 

(3.59) 7— = HeS l3yj^^ndk-^'Y2,m: 

(3.60) dv it,x) ^ ResS,„„4A2,m, 

'^72 ,™ 

(3.61) dv^At,x) ^ ResS^„dlogfc, 

ox 

(3.62) dv it,x) ^ ^^sB.ndhgk, 

ox 

where —M + 1 < 7, 71, 72 < A^. 

Proof. Firstly we take derivatives of A^^ by ta^n and get following calculation, 

' ' m=0 7=1 ' n>0 a=l 

where vi^ = f^, which leads to 
df 

= Res£™+^ n( — dkC-——— — dkC - 2_^2^{n + I + ——)Bc,^n-idkC) 

Ota,n OL, CCq, rj iV 



.dML . dML dC 
Res^^,^(-- — dkC ^7;-^: — dkC) 



Resi3 j,^ 9Ac,ndML dAg^ndML .^^j^ dAg^ndC dAg^ndC ^^^^^ 
'^'"^ dk dx dx dk dk dx dx dk 



Res { £, L } 



dAa 
dk 

Res 13'y ^YndkAct^n 

Now we take derivatives of A^l by x and get following calculation. 



dx dC dx dx 

m=0 7=1 
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which leads to 



dx 

ox oL ox 



= ResB-y^rni dkC - -Q^dkML) 
= Res By ^rnd log k. 

The other cases can be proven in similar ways. □ 

By the Lemma above, it is time to introduce S functions which is included in the following 
proposition. 

Proposition 3.5. There exist functions Sl and Sr which satisfy 

N 

(3.64) dSL = MLdC + log kdx + ^ ^ Aa,n /\ dta,n, 

a=-M+l n>0 
N 

(3.65) dSR = AindC + logkdx + Ap^n A dtis^n, 

/3=-M+l n>0 

where Sl, Sji have the following Laurent expansion. 

^ °° ^ £-(m+l+i^) ^ 

(3.66) ^ - 5Z 5Z ^7,m(^' ^) — . 1-^ + 5Z 5Z 

m=0 7=1 m + i + ^ ^^j^ 



(3.67) Sr = -—l0g_C-J2 J2 ^7,>n(t,x) ^ ^ J2 

m=0 7=-m+l „>o ^=-Af+l 

Proof. We can prove the right hand sides of eg. (13.641) and eg. (13.651) are closed according to 
eg. (l3.54p . That implies the existence of Sl, Sr. 

By Lemma 13.41 we can prove the form of Sl is correct using following computation, 

OSl 



dt 



^^ ^,,^(t,x)£-(-+^+V) , , 

m=0 7=1 m+ 1+ ^ 

n 1 m + 1 + ^ 

m=0 7=1 jV 
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°° ^ £-(m+l+i^) 



y y (Res Aa,ndkBy,m) ; + B, 

n 1 m + 1 + 

m=0 7=1 iv 
oo N 

m=0 7=1 

(^a,n)— ~l~ Bqi yi 



□ 



Now, we will define the tau function of dBTH in following proposition. 
Proposition 3.6. There exists a function Td(t,x) which satisfies 

N 
(3.68) d log Td{t, = ^ ^ Va,ndta,n + ^ ^ Vp^ndtp^n + (t>dx 

n>0 a=l n>0 /3=-A/+l 

Proof. To prove the existence of tau function, we need to prove the compatibility of all the time 
flows which can be shown in following calculation. 

Res BQij^^mdk(Ba2,n2} 



dt 



Res(Bai^ni) — dk(Ba2,n2^ - 
ReS^Baj^^m ^ — dkBa2,n2 

Res BQi2,n2dk{Bai,ni) — 
Res Ba2 ,n2dk (^ai ,ni ) + 
dVr, 



02 ,"2 



dt 



fS,m 



dt 

'-"'ai ,ni 



Res Ba,ndk{Bl3,m)- 

= -Res{Ba,n) + dk{Bi3,m 
= — Res{Ba,n) + dkBj3^rn 
= Res Bp^rndkiBa,n) + 

~ dt ' 
ResB^^ndlogk = {B^,n)o 



The other cases for commutativity can be proved in similar ways. So the 1-form of the right 
side of eg. (13. 68 p is closed. Therefore, there exist a tau function which satisfies eg. (13. 68 p . □ 
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4. Additional Symmetries of dBTH 

We are now in a position to define the additional flows, and then to prove that they are 
symmetries, which are called additional symmetries of the dBTH. We introduce additional 
independent variables tj^^, and deflne the action of the additional flows on the wave operator 
as 

(4.69) = - {{Ml - Mnrc')_, 

(4.70) V,.^^,^,v.« = {{Ml - Mnr^')^, 

Proposition 4.1. The additional flows act on L and M.l, M.Ras 

(4.71) ^ = {{{ML-Mnrc\X}. 

(4.72) = -{{{Ml- Mnrc')-.ML] 

(4.73) ^ = {{{ML-MRrc')^,Mn] 

Proof By performing the derivative on C and using eg. (14. 71 p . we get 

d,*^c= dr:^y'-^{k^)) 

= -[{{ML-Mnr^')-,^]- 
For the action on A^^, and Mr given in eg. (15. lip , there exists similar derivation as {dt* ^£),i.e. 

= {Vt:^^^,^,^L,e^'^-{TL)} 

= -{{{ML-MRrC')^,ML}. 

Here the fact that Tl does not depend on the additional flows variables tj^^ has been used. 
Other identities can also be got in the similar way. □ 

From that, we can prove the following corollary: 
Corollary 4.2. The following several equations hold 

(4.74) -— = {{{Ml - MRrC')+, ^ = {-((Ml - -Mi?)™/:')-, ^"1 

(4.75) = -{{{Ml - MRrC^)^, B^,^, = {{{Ml - MRr^U, B,,„} 
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'dt 



(4.77) ^— ^ = -{{{Ml - MrTC^)., MIC'}, 



(4.78) -^^j-^^{{{Mr.-MnrC%,Ml£'}. 

Proof We present here only the proof of the first equation. The others can be proved in a 
similar way. The derivative of with respect to t*^ , leads to 

dC 

and then taking — - — = {{{Ml — Mr)"^jC'')+, jC} into the above formula. After that, we get 

Otra,l 

fjfn " 

-— = ^ C'-'{{{Ml - MRr/:%, CyC^-'' = {{{Ml - MRrC%, 

d 

Proposition 4.3. The additional flows — commute with the dispersionless bigraded Toda 
hierarchy flows — — , i.e. 



&tc,n 



(4.79) [dr:^^^,dt^JC = 0, 

where -M + l<c< N. Here dt* , = 9. „ = 

— — m,l at^i c,n 

Proof. According to the definition and using the action of the additional fiows on we get 

= 9,;^ J-(S,,„)_, £} - dt^J{{ML - MnrC')^, C} 

= {-{{{Ml - Mnrd)^, i3,,4_, £} + {-(S,,„)_, {((A^^ - Mnrd)^, £}} - 
{{-(fie,n)-, {Ml - MRr£^}+,£} - {{{Ml - MRr^')^ , {-(B,,„)_, £}} 

= {-{((Ml - A4«)-£% ' ^c,n}-, £} + {C: {(Be,n)-, {{Ml - MRr/:')^} 
-{{-(Be,„)_, {Ml - MrTC^U, £} 

= {£, {{Bc,n)-, {{Ml - MRrjC')J + {{{Ml - MRrr,')^ , Bc,n}- + 
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{-(i3e,n)-,(A^L--Mi?)/:'} + } 

= 0. 



□ 



The commutativity of additional flows with flows of the dBTH means that the additional 
flows are symmetries of the dBTH. It is a kind of Block type symmetry of the dBTH which 
will be shown in the next proposition. 

Proposition 4.4. Additional flows dt* ^{fn > 0,1 > 0) form the following Block type Lie algebra 

(4.80) [9,;^^ , 9,; J£ = (km - n/)9;+„„,^,+,_,£. 

where m,n > 0; I, k > 0. 

Proof. By using Proposition l4.H we get 

[dt* ,dt* ]C = dt* {dt* C)-dt* {dt* C) 

= -dt:^J{{ML - MnTC')^, C} + dt:^ J{{ML - Mny-'C')^, C} 
= -{{dt:., - MrT^'}-, C} - {{{Ml - Mnrc'U dt*^ C} 
+{{\^Ml - Mnrd)-, C} + {{{Ml - Mny-'C')^, dt-*^^^C}, 
which further leads to the following calculation 
[dt* ,dt* ]C 

{n-l 
[j2i^L - Mnr{dt*^,{ML - Mr)){Ml - MrT-^-'C' + {Ml - 

-{{{ML-Mnrc')„dt*^C} 



{m-l 
[j2i^L - MRr{dt*^^{ML - Mr)){Ml - MRT'-P-'d + {Ml - MRr{dt*^^d 
p=0 

+{iiML-MnrdUdt*^^C} 

= {[{nl - km){ML - Mnr^^'-'C'+'-'U C} 
= {km — nl)dj^^„_ij._^_i_iC 

□ 

From Proposition 14.41 it can be seen that the additional symmetry has a nice Block type 
Lie algebraic structure whose structure theory and representation theory have recently received 
much attention. The difference of this Block Lie algebra from the one in [lOj is the representation 
space here is functional space and the one in is space of operators. Similarly as [lOj, the 
action of this kind of Lie algebra on tau function space is still hard to handle with. 



C 



X 
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5. Quasi-classical limit of the BTH 

To consider the quasi-classical limit of the BTH, it is convenient to introduce the order and 
the principal symbol of functions of difference operators. The order and the principal symbol 
are defined for the difference operators as follows [T8]. 

Define the order of operator an^mit, x)e"e'"'^^"' as following 

ord an,m{t, x)e"e™^^" j = max{n | a„,m(t, x) ^ 0}. 
The principal symbol of a difference operator A = Y^ CLn,m^^ exp{medx) is defined as 

n=ord{A) rn 

To see the limit, we need to recall the Lax operator of the BTH given by the Laurent 
polynomial of A [7] 

(5.1) L := + u;v-iA^"' + ■ ■ ■ + uq + ■ ■ ■ + u.mA'^ ■ 

The L can be written in two different ways by dressing the shift operator 

(5.2) L = VlA'^Vz' = VrK-''Vz\ 
where the dressing operators have the form, 

(5.3) Vl = 1 + WiA-^ + W2A-2 + . . . , 

(5.4) Vr = wo + wiA + W2A^ + .... 

Eq. (15. 2p are quite important because it gives the reduction condition from the two-dimensional 
Toda lattice hierarchy. The pair is unique up to multiplying Vl and Vr from the right by 
operators in the form 1 + aiA~^ + a2A~^ + ... and + diA + a2A^ + . . . respectively with 
coefficients independent of x. Given any difference operator A = '^i^A^A'', the positive and 
negative projections are defined by A+ = '^k>o^i^-^^ ^- ~ X]fe<o^fc^^- 

To write out explicitly the Lax equations of BTH, fractional powers and are defined 

by 

L^=A + ^afcA^ LTT=J2bkA\ 

k<0 k>-l 

with the relations 

(L^)^ = (£i^)^^ = £. 

Acting on free function, these two fraction powers can be seen as two different locally expan- 
sions around zero and infinity respectively. It was stressed that and are two different 
operators even if = M{N, M > 2) in [7] due to two different dressing operators. They can 
also be expressed as following 

= VlAVi\ L^t = VrA-'V^K 
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Definition 5.1. The higraded Toda hierarchy consists of the system of flows given in the Lax 
pair formalism by 

dL 

(5.5) e-— = [A^,n,L] 

for a = N, N — 1, N — 2, . . . , —M + 1 and n > 0. The operators A^^n ore defined by 

(5.6) = (L"+i-^)+ for a = N,N-l,...,l 

(5.7) = -(L"+i+^)_ for a = 0,...,-M + l. 

The coefficients Ui of L are set to be regular to e, i.e. Ui{e,t,x) = u^(t,x) + 0(e). 

Proposition 5.2. If L satisfies the Lax equations then we have the following Zakharov-Shabat 
equations 

(5.8) e(A,,^)i^ „ - e(A^,„)t^,„ + = 
for -M + 1 < a, /3 < , m, n > 0. 

Using the Zakharov-Shabat eqs.f l2.20"|) we can prove that the flows of eqs. fl5.5p can commute 
pairwise. 

Lemma 5.3. 

(5.9) ed/3^n{Ba,m)- - e9„,„(5^,„)_ - [(S„,m)-, (5/3,n)-] = 

(5.10) — edi3^n{Ba,m)+ + ^da,m{B p^n) + — [{Ba,m) + -, (-B/3,„)+] = 

here, -M + 1 < a, /3 < A^, m, n > 0. 
where 



(5.11) 



^n+l-V ^ = N...l 



7," • ^ Tn+l+ij ^ ^ M+ 1. 

Theorem 5.4. L is a solution to the BTH if and only if there is a pair of dressing operators 
Vl and Vr, which satisfies the following Sato equations: 

(5.12) ed^^^nVL =-iB^,n)-VL, 

(5.13) ed^,nVR = {B^,n)+VR, 
where, -M + 1<7<A^, n>0. 

In paper [in], we deflned the Orlov-Schulman's M/,, Mr operators as following 

(5.14) Ml=VlTlVi\ Mr = VrTrV],\ 
where 

(5.15) r, = |-A-^ + E + 1 - ^)^-'^'''''-"-^Kn. 

n>0 a=l 
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(5.16) r« = -]^A"-E E (- + l + ^)e-A-"("^%,n. 

n>0 /3=-M+l 

Therefore and Mr can be written in another form as following 

oo N N ^ 

(5. 17) M, = ^Lt + ^-rAt, a;)L-(™+^+ V) + J] ^^(n + 1 - ^)L-^t„,„, 

m=0 7=1 n>0 a=l 

oo ^ 

(5.18) Mn = -^L-^' + Y. E ^.,n.(t,x)L-(-+^-^^)-5] (n + 1 + ^)L'^+^t,,, 

m=0 7=-m+l n>0 /3=-M+l 

where L"^ := 7'lA-^P^\ L"^ - VrK'^V^\ 
To consider the quasi-classical limit, we set 

(5.19) Vl = exp(e-^Xi(e,i,x)), 

(5.20) T'ij = exp(0(e,i,x))exp(e~^Xij(e,i,x)), 

(5.21) ord(XL(e,i,x)) = ord(XR(e, x)) = 0, 

(5.22) a\XL)=ifL, a\XR) = ifR, 
where ord{4>{e,t,x)) < and 

(5.23) = (fi„,„)o, 

(5.24) -(0(e,i,x) -0(e,t,x-e)) = — logw_M, 

where ( )o is projection to operators not containing A, i.e. A° term. 

Now, we do the following change [,]—>■{, }:^~^XL{€,t,x) — )■ (pL:^~^XR{€,t,x) — >■ 
ifiR, (f){e, t, x) — >■ 0(t, x),A^k. Then we have the following two propositions with quasi-classical 
limit. 

Proposition 5.5. Symbols a'^{XL),a'^{XR),a'^{(f)) give dressing functions ^p^, i^r and potential 
function of the dispersionless Lax function C = (t'"{L) respectively. Conversely if (pi,(pR 
and 4>o are dressing functions and potential function of dispersionless BTH respectively, then 
there exist a solution L of the dBTH and dressing operators Vl — exp(e~-'^XL(e, t, x)) and 
Vr = exp(0) exp(e~^Xij(e, t, x)) such that a^{L) = £, (7^(Xl) = ifiL, cr^{XR) = (pR, a^{(f)) = 00- 

Proposition 5.6. ord'{eML) = ord'{eMR) = and Ml ^ cr^{eML) and Mr = cr^ieMR) are 
the Orlov functions of the dispersionless BTH whose Lax function is C — (t^{L). 

To see the limit clearly, we firstly introduce spectral z and two functions wl(^, x-i z) and 
WR{t, X, z) which have forms 

(5.25) WL{t,x,z) = VL{x,A)e^^^''''''\ 

(5.26) WR(t,x,z) = 7'^(x,A)e««(*'^'^), 
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where 

N 

(5.27) Ut,x,z) = ^^e-V+i-Vt.,„ + ^log^, 

n>0 a=l 



(5.28) Ut,x,z) = -J2 H e-V+i+^t^,„-^logz. 

ra>0 (3=-M+l 

We call these two functions wi(t, x, z) and Wnit^ x, z) wave functions. These two wave functions 
are a little different from ones in [10]. Similarly as [10], the following proposition holds. 

Proposition 5.7. The functions wiit, x, z) and WR(t, x, z) satisfy the following linear equations 

{Lwl (t, x,z) = zwl (t, x,z), 
MLWL{t,X,z) = d,WL{t,X,z), 
(^dt^,n'WL{t, X, Z) = A^^riWLit, X, Z), 



{LwR{t,x,z) = zwR{t,x,z), 

MRWR{t, X, z) = dzWR{t, X, z), 

(^d^,„WR{t, X, Z) = A^^nWR{t, X, z), 

where, -M + 1 <'y < N,n>0. 

Proof. The proof is similar as paper [10]. □ 



Using Proposition 15.71 WL{e,t,z) and WR{e,t,z) can be written using functions SL{e,t, x, z) 
and SR{e,t,x, z) in the following proposition. 

Proposition 5.8. The Baker function WL{€,t,x, z) and WR{e,t,x, z) take a WKB asymptotic 
form as e — )■ 0; 

(5.31) WL{e,t,x,z) = exp [e^^SL{t,x, z) + 0{e^)) , 

(5.32) WRie,t,x,z) = exp (e-i^^(t, x, 2) + 0(e°)) , 



where 



x) 



(5.33) SL{t,x,z) = ^^^("+i-^)t„,„ + -log2;- J]^y^,^(t,„, 

n>0 a=l m=0 7=1 iV 



(5.34) 



°° ^-(m+l+^) 



SR{t,x,z) = -J2 E ^"^'^"w-]^^iog^+E E , 1 , ^ 

n>0/3=-M+l m=0 7=-M+l 



Then we get following proposition similar as [18 
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Proposition 5.9. The spectral z of Lax function has following representations 

and derivatives of S function have formulas 

dS ^ 

(5.35) dSLix,t,z) = MLiz)dz + -^dx + Y^ ^ ^^,„(e^^^^)rf^„, 

n>0 7=-M+l 

(5.36) ci5i?(x, t, z) = MRiz)dz-^ + -g^dx + ^ ^ ^^,„(e^^"^«)rft^,„. 

n>0 7=-M+l 

Proof. By eqs. (l5.29p . we can do the following computation 

zwL{t, X, z) = LwL{t, X, z) = (A^ + un-iA^~^ + ■■■ + u_mA'^^) exp (e-^^i(x, t, z) + 0(e°)) 

After that, we can pursue the WKB analysis, regarding Siit, x, z) as the phase function which 
further leads to 

(5.37) 

By eqs. (15.291) . we can also get 

MLWL{t,X,z) 

= d^wiit, X, z) = exp (e'^SLix, t, z) + 0(e°)) 
= {e-^d,SL{x, t, z) + 0(e°))e^"'^^("'*'")+°(^) 

N ^ oo N 

n>0 a=l m=0 7=1 

+0(e°)wL(t,x,2), 

which implies Ml iyi(t, X, 2;) = ^^w^it, x, z) = e'~^a^{ML)\L=zWLit, x, z). Also by the equations 
above, we can get dzSL{x,t, z) = M.l = a''{ML)\L=z- 
Because 

(5.38) edt^^„WLit,x,z) = e^t^^^ exp (e-^5L(x, t, ^) + 0(e°)) 

= (9,^,„Sl(x, t, z) + 0(e°)) exp {e-'SL{x, t, z) + 0(e°)) 

and 

edt^„WL(t,x,z) = A^^n{A)wL(t,x,z) 

= A^,„(A)exp(e-i5z.(x,t,^)+0(e°)) 
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= (^^,„(e^^^^) + 0(e°))exp {e'' SLix,t, z) + Oie')) 

we can get 

(5.39) dt^^^SLix,t,z) = ^^,„(e^^^^). 
This implies 

(5.40) dt(d,SL{x,t,z)) 



dx 

So we can consider dxSi^x.t, z) which will be denoted as log/ci later as conserved density. 
By eqs. (15.301) . we can do the following computation 

zwR{t, X, z) = LwR{t, X, z) = (A^ + un^iA^-^ + ■■■ + m_a/A"*0 exp {e-^Snix, t, z) + 0(e°)) . 

We can also pursue the WKB analysis, also regarding ^^^(t, the phase function which 

leads to 

z = e^^^^«(-'*'^) + «^_ie(^-^)^^^-(-'*'^) + ■ ■ ■ + n_Me-*^"^^«(-'*'^) = a^(L)U=a.5«(..M)- 
Similar result can also be got as following 

■Mr _i 

(5.41) MRWR{t,x,z) = ——WR{t,x,z) = e a'{MR)\L=zWR{t, x, z). 

Also by the equations above, we can get dzSR{x,t, z) = Mr = cr''(Mij)|i=^. Direct calculation 
can lead to 

(5.42) edtWRit, X, z) = (a ,„5r(x, t, z) + 0{e^)) exp [e^^SRix, t, z) + 0{e^)) . 



By formula eqs. fl5.30p . following identities hold 

e'9^,„WR(t, X, z) = A.^^ri{A)wR{t,x,z) 

= A^,„(A)exp(e-i5R(x,t,^) + 0(e°)) 

= ^^,„(e^^^«) + 0(e°)) exp {e'^SRix, t, z) + 0(e°)) . 

So we can get 

(5.43) du^,^SR{x,t,z) = ^^,„(e^^^«). 
So the following derivatives will be correct 

dS ^ 

(5.44) dSL{x,t,z) = ML{,z)dz + -^dx + ^ ^ ^^,„(e^^^^)ci^n, 

n>0 7=-M+l 

dS ^ 

(5.45) dSR{x, t, z) = 7Wk(z)c/z"^ + -^^dx + ^ ^ ^7,„(e^^^«)(it7,„. 

n>0 7=-M+l 

Then it it time to consider the Legendre-type transformation as following. 



□ 
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Proposition 5.10. The Legendre-type transformation (t,x,z) — )■ (t,x,ki),i = 1,2 is defined 
by 

(5.46) e&5^(t,x,.) _ ^d.Sn{t,x,z) ^ j^^^ 

the spectral parameters z turns into the C- function of the dispersionless BTH which has two 
expressions by ki and k2 respectively 

(5.47) z = C{t,x,ki) = k^ + uj^^ik^-' + --- + u^Mki^', 

(5.48) z = C{t,x,k2) = k^ + UN-ik^'^ + ■ ■ ■ + U-Mk2^ , 
and Sl,Sr become the corresponding S-functions. 

After these, we will start to consider the free energy of the dBTH in the next section. 



6. Tau function and free energy of dBTH 
As paper |T^, the relation of tau function for the BTH with wave functions is as following 



N 



WL{t,X,z) 



Vdx, A) exp{J2 E ^-'^'^''^'-"-^Kn + ^ log 

n>0 a=l 
1 1 1 X 

VL{x,X^)exp{-{tL{z^) + — logz)) 
e A 

r{x — e/2, t — [z 



1 1 X 

f exp(-(ti(ziv) + — logz)), 

T[x — e/2,t) e N 



where 
(6.1) 



WR{t,X,z) 



n>0 0=-M-\-l 
1 1 1 X 

rR{x,z-M)exp{-{-tR{zM) - \ogz)) 
e M 

r(x + e/2,t+ [z^ 



Z N 



1 1 X 

. , ■exp( — tnizM) — —logz) 



a = Ar,Ar-l,...l, 



iV(n+l-^) ' 



a = 0,-1 M + 1, 



(6.2) 



1 1 



M(n+1+^) ' 



a = A^, A^ - 1, . . . 1, 
a = 0,-1, M + 1, 



Define free energy F{t,x) as following 

(6.3) \ogT{e,t,x) = e-^F{t,x) + 0{e-^) (e ^ 0). 
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Taking the logarithm of identities above and comparing them with the form eq. fl5.3ip . one can 
find that logr should behave as 

n>0 a=l m=0 7=1 ~^ ~^ N 

= 2^2^ ^ W + log ^ + log ^(e, ^ - F '^l ,x) -logr(e,t,x), 

n>0 a=l 

which further leads to following relation 

(6.4) v^,^{t,x) = dt^^^F, l<«<iV,m>0. 
Similarly we can also get 

(6.5) Vfi^^{t,x) = dt^^^F, -M + l</3<0,m>0. 

Considering Lemma 13. 4^ the second derivatives of free energy will have formula in following 
lemma. 

Lemma 6.1. The derivatives of free energy have the following formula 

(6.6) Reskl3a,ndk{l3(3,m)+, -M + l<a,P <N,m,n>0, 
where Fa,ri;p,m ■= dt^ „dt^^^F. 

Proof. Bringing eq. (16. 4p and eq. (16. 5p into Lemma 13.41 will lead to this lemma. □ 

Eqs. (l5.33p . (I5.34p and eqs. (l5.39|) . (I5.43P can lead to following proposition. 
Proposition 6.2. The following identities hold 

X 



(6.7) A^,n{t,X,h) = ;2("+l-V)-^^F„,^^^,„(t 



n 1 m+l + i^' 

171=0 a=l Jv 



X) 



n 1 m + l + ^ 

-(m+l+^) 



^7,n(^) ^2) ^ ^ ^ ^ -^/3,m;7,n (^ 



' TO _|_ 1 _|_ A ' 
m=0/3=-Af+l ^ ^ M 



00 _('m4-14-J- 



_2-(m+l+^) 

A,n(^,a;,/C2) = -^"+^+M+y] V i^/3,m;7,n(t,a;) ^ ^ 

r, n , , m + 1 + T7 



w/iere -M + 1 < 7 < A^, n G Z+, 

(6.9) ed.sut,x,z) ^ f^^^ ^d.SR{t,x,z) ^ f^^^ z = C{t,x,h) = C{t,x,k2). 
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After the definition of free energy of the dBTH, the dispersionless Hirota bilinear identities 
about tau function will be derived in the next section. 

7. Dispersionless Hirota bilinear identities 
In our paper [9] , we have got the following Hirota bilinear identity of the BTH in one corollary 

Resx{x"'-^T{x,t~[X-Y) X r(x- (m- l)e,t'+ [A-^]^)e«^(*-*')" 
(7.1) = ResA {a"^-V(x + e,t + [X]^') x t{x - me,t' - [Xf')e^^'''-'">'j 

where 

(7-2) [^-]:„ - 



3, a = 0,-1 M + 1, 



(7.3) [XC ■- 



0, a = N,N 

'-k^' a = 0,-l,...-M+l, 



N 



ri>0 a=l 





n>0 p=-M+l 

In order to understand the properties of the dBTH more, it is useful to get the fay-like identities 
from the ones of BTH. 

We can choose different values for m, t, t' which lead to the following dispersionless Fay-like 
identities: 

I. m = 0,t' = t — [A^^]^ — [A2^]^. In this case the Hirota bilinear identity (17. ip will lead to 
Re=. - |A-r) X + M' . rr) (^_,,-4_,,-.) ^} 



ResA <i r(x + e,t + [X]^') x r(x,t' - [X]'')j 



Using 



(1 - X^'X)-\1 - A^ ^A)-^ = . , (1 - Xi'X)-' - . , (1 - X,'X)-\ 
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we get 

—^^,Tix, t - [KYMx + e,t'+ [Arr ) - ,-y,-A ^^ t - [A2 r + e,t'+ [\^Y) 

= r(x + e, t)r(x, t'). 
It further leads to 

t - [X-Y)r{x + e,t- [X^Y) - -X-T^(^> t - [X^YMx + e,t - [X^Y) 

(7.4) = r(x + 6,t)r(x,t - [ArT " [^2"^)- 

Dividing both sides of eq.f l7.4p by r(x,t — [A]^^]^)r(x + e, t — [A2^]^)will lead to the following 
equation 

Ar' A^-^ t{x, t - [X-^Y)r{x + e, t - [ArT ) 



(7.5) 



Ar' - - ^2' r{x, t - [XiYMx + e,t- [X^Y) 

rix + e,t)T{x,t-[X^Y-[>^2Y) 



r{x,t-[X^Y)T{x + e,t-[X^Yy 
Finally we can get the following bilinear equations on free energy, 



n>0 a=\ ^ N I J y \ \ ^ j a,n ^ 

j)^~"V"-ri Q2p 



(Ar^-A2-^)exp( E 



II. m = 0, t' = t + [Ai]*^ + [A2]*^. In this case the Hirota bihnear identity (El]) will lead to 
ResA {r(x, t - [A"^]^) x r(x + e, t' + [A-i]^)A-i} 

= ^^^^ {^^^ + ^'^ + t^]") ^ - t^]")^' \l-A-UO(l-A-U.) } • 



Using 

(1 - A-U0-^(1 - A^A-i)-^ = -^(1 - - T^(l - ^^A-^)-^ 

Ai — A2 Ai — A 



we get 

r(x, t)r(x + e, t') 



-r(x + 6, t + [Ai]^Or(a^, - [Ai]'') - + ^ + [A2]'')r(x, t' - [A^]"^- 



Ai — A2 Ai — A2 

It further leads to 

(7.6) r{x,t)T{x + e,t+[XY + [X2Y) 
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Ai — A2 Ai — A2 

Finally we can get the following bilinear equations on free energy, 

/ ^M{n+l+A)^M{m+l+|l) 

(7.7) exp ^ ^ ' 2 



III. m = l,t' = t- [Xi'^]'^ + 1X2]^ ■ In this case the Hirota bihnear identity (JTl]) will lead to 
ResA |r(x, t - [X-'f) x r(x, t' + [X-'f) ^ 



-1 



1 - AAi 

= ResA |r(x + e,t + [A]*^) x r(x - e,t' - [Xf )^—^-^^ , 
which is equivalent to 

Ai(r(x, t - [X^YMx, t' + [ArT) - t)r(a;, t')) = A2r(x + e, t + [A2]'")r(x - 6, t' - [A^]*'). 
It further implies 

Ai(r(x, t - [X-,Y)t{x, t + [A2]*0 - r{x, t)T{x, t - [A^T + [^2]'')) 
(7.8) = A2r(a; + e,t + [X^fMx - e,t - [X^Y)- 

Similarly we can also get the following Hirota bilinear equation on free energy, 



52^ 



(^•9) +E E .... , . , . 



n>0 /3=-A/+ 



2_ 

^ M{n + l + dtp^ndx 



The properties of the dBTH mentioned above provide a very sound mathematical background 
in its possible applications in deriving solutions [30 j and some combinatorics meaning in matrix 
model[27]. 
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8. Conclusions and Discussions 

We define Orlov-Schulman's Ml, M.r function of tlie dBTH and give tlie additional sym- 
metry of the dBTH. We find this kind of Block type Lie algebraic structure is still preserved by 
the dBTH. Also we give the quasi-classical limit relation of the BTH and the dBTH and some 
Hirota bilinear equations of the dBTH. Wc hope the additional symmetry and dispersionless 
Hirota bilinear identity of the dBTH can be used more in other fields of mathematical physics, 
particularly topological fields theory and string theory. 

The main difference of Block symmetry and HBEs of the dBTH from the ones of the BTH is 
that the representation space here is a directly a functional space and the HBEs of the dBTH 
here are in form of free energy using WKB analysis. 
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